Abstract. In this paper two main types of the group gradings of Mn,m(F ), which is fine and elementary, respected by a superinvolution are studied over an algebraically closed field F of characteristic zero.
Introduction
Let R = R0 ⊕ R1 be an associative superalgebra. A superinvolution on R is a Z 2 -graded linear map * : R → R such that, for all a, b ∈ R, (a * ) * = a and (ab) * = (−1) |a||b| b * a * . If * is a superinvolution on R, then the restriction of * to R 0 is an involution on R 0 . According to [1] , R = M n,m (F ) admits only two types of superinvolutions up to conjugation with an automorphism of R. The first type is called an orthosymplectic superinvolution defined in an appropriate basis as follows: For further purposes we need the following definition.
Definition 1.1. Let R be an associative algebra with involution * . An * -ideal I of R is any ideal with I * = I, and an involution simple algebra is a * -algebra without proper * -ideals.
Let G be a finite Abelian group, andĜ be the dual group for G. We briefly recall the relation between the G-gradings andĜ-actions [3] . Any element a in R = ⊕ g∈G R g can be uniquely decomposed into the sum of homogeneous components, a = g∈G a g , a g ∈ R g . Given χ ∈Ĝ we can define χ * a = g∈G χ(g)a g .
It is easy to observe that the relation (1) defines aĜ-action on R by automorphisms and a subspace V ⊆ R is a graded subspace if and only if V is invariant under this action, i.e.Ĝ * V = V . In what follows we recall two types of G-graded finite-dimensional superalgebras defined in [2] .
Type A(θ;p). Let R = M p1+...+pr,q1+...+qr (F ) and θ = (g
, . . . , g (kr) r ) where g i = g j , i, j = 1, . . . , r, k 1 = p 1 + q 1 ,...,k r = p r + q r define the elementary G-grading on R. It follows that any X ∈ R can be represented in the following way:
where
A matrix X is in R1 if for any i, j = 1, . . . , r
Type Q(θ; h). Let R = M n,n (F ) and
where h ∈ G, o(h) = 2, k 1 + k 3 + . . . + k 2r−1 = n define the elementary grading on R. It follows that any X ∈ R can be represented as follows:
Then a matrix X is in R0 if for any i, j = 1, 3, . . . , 2r − 1
A matrix X is in R1 if for any i, j = 1, 3, . . . , 2r − 1
In [2] the following theorem about the elementary gradings of associative superalgebras was obtained. Theorem 1.2. Let G be an arbitrary finite abelian group, F an algebraically closed field of characteristic different from 2, R a G-graded finite-dimensional associative superalgebra which is simple as an associative algebra, whose gradings is elementary. Then as a G-graded superalgebra R is isomorphic to one of the algebras Q(θ; h) or A(θ;p).
..+pr,q1+...+qr (F ) and
where g i = g j , i, j = 1, . . . , r defines the elementary G-grading on R. Therefore, any A ∈ R ′ can be represented as follows:
, . . . , g
Therefore, any A ∈ R ′ can be represented as follows:
where ) where
Proof. Let R be a superalgebra of the type A(θ,p) represented in the canonical form, and R ′ be a superalgebra defined in Example 1. In order to prove this lemma we are going to find an example of an automorphism ϕ :
First of all, recall that the defining tuple for G-grading of R has the following form: θ = (g
). This implies that each g i repeats k i = p i + q i times in θ. On the other hand, the defining tuple for G-grading
). Permutation of any two elements of θ results in permutation of corresponding rows and columns in matrices from R, which is an orthogonal transformation. Therefore, applying a series of above permutations, θ can be brought to θ ′ . Set ϕ equal to the composition of all orthogonal transformations that correspond to each permutation. Clearly, ϕ is an automorphism. If A is a matrix whose the only possible non-zero block is A ij in position (i, j), and
The lemma is proved. Lemma 1.4. As a G-graded superalgebra R ′ defined in Example 2 is isomorphic to a superalgebra of the type Q(θ; h) where
Proof. Acting in a similar manner as in the previous lemma, we can show that a series of permutations applied to θ can reduce θ to θ ′ . Let ϕ be the composition of all orthogonal transformations corresponding to each permutations. As was shown above,
The lemma is proved.
Fine gradings on
Moreover, dim R e = 1 if and only if G-grading is fine.
Proof. According to [5] , R can be represented as a tensor product R = A⊗ B where
, pq = n, and the grading on A is fine and the grading on B is elementary. We have that R e = A e ⊗ B e and dim R e = dim A e × dim B e . On the other hand, dim A e = 1, since the grading on A is fine and dim B e = q > 1, since the grading on B is elementary. Therefore dim R e = q. Then, dim R e = 1 if and only if R = A. Thus the proof is complete.
Next we prove the following technical lemma. Lemma 2.2. Let G = a n × b n be the direct product of two cyclic groups of order n. Then for any fixed g 0 ∈ G there exist at most four elements of G such that their squares equal to g 0 .
Hence i equals either i 0 /2 or (i 0 + n)/2 and j equals either j 0 /2 or (j 0 + n)/2. The lemma is proved.
Theorem 2.3. Let R = M n,m (F ) be a matrix superalgebra with superinvolution * over an algebraically closed field F of characteristic zero, and G be a finite Abelian group. Then R admits no fine G-gradings compatible with * .
Proof. Assume that R has a fine G-grading compatible with the superalgebra structure, i.e. R = ⊕ g∈G R g , and
for any g ∈ G. Additionally, we assume that R has a G-graded superinvolution * , that is, (R g ) * = R g for all g ∈ G. According to [2] , dim R0 = dim R1, that is, n = m, and R is isomorphic to M m,m . Let us consider the even component R 0 . Since * is compatible with superalgebra structure, R 0 has an involution G-grading, that is,
Hence, the following two cases may occur.
1. (I 1 ) * = I 2 and (I 2 ) * = I 1 . 2. (I 1 ) * = I 1 and (I 2 ) * = I 2 . Case 1. Recall that each involution simple algebra is either a matrix algebra M n (F ) or the sum of two ideals each isomorphic to the M n (F ), for some n. We want to show that R 0 is an involution simple algebra. Indeed, as an associative algebra, R0 has only two proper ideals: I 1 and I 2 . However, I 1 and I 2 are not *-ideals since (I 1 ) * = I 2 . Hence R0 is an involution simple algebra. Obviously, the restriction of the fine G-grading of R to R0 is also fine. On the other hand, according to [6] , any involution grading of a non-simple involution simple algebra R = A ⊕ A op over F is either of the form
As a direct consequence of this theorem we obtain that any non-simple involution simple algebra has no fine gradings since dimension of the component of degree g is greater than 1. This contradicts the fact that R 0 is an involution simple algebra with the fine involution grading. Therefore, this case is not possible. Case 2. Let us start with the special case of a fine grading, so-called ε-grading where ε is the nth primitive root of 1. In this case G is a direct product of two cyclic groups of order n, G = a n × b n .
Denote byĜ the dual group of G. Thus the elements ofĜ are all irreducible characters χ : G → F * where F * is a multiplicative group of F . It should be noted that if G is finite then G ∼ =Ĝ. More precisely, if G = a n × b n thenĜ = ξ n × η n where ξ(a), η(b) are nth primitive roots of 1 and ξ(b) = 1, η(a) = 1, n = 2m.
Next we consider the action ofĜ = ξ n × η n on R 0 = I 1 ⊕ I 2 . The following three cases are possible:
1. ξ(I 1 ) = I 1 and η(I 1 ) = I 1 2. ξ(I 1 ) = I 2 and η(I 1 ) = I 2 3. ξ(I 1 ) = I 1 and η(I 1 ) = I 2 (or ξ(I 1 ) = I 2 and η(I 1 ) = I 1 ) Let us consider case 1. Note thatĜ * I 1 = I 1 andĜ * I 2 = I 2 since ξ and η generateĜ. Therefore, I 1 , I 2 are G-graded ideals. In particular (I 1 ) e = I 1 ∩ R e and (I 2 ) e = I 2 ∩ R e where e is the identity element of G. By Lemma 2.1, (I 1 ) e = 0 and (I 2 ) e = 0. We are given that G-grading on R is fine. It follows that dim R e = 1. On the other hand I 1 ∩ I 2 = {0}. This contradicts the fact that I 1 ∩ R e = {0} and I 2 ∩ R e = {0}.
Next, for the case 2, we define the following subgroup ∆ ofĜ: ∆ = ξ • η 2m × η 2 m . Note that the index of ∆ inĜ is 2, i.e. |Ĝ/∆| = 2. Moreover, ξ • η(I 1 ) = ξ(I 2 ) = I 1 and η 2 (I 1 ) = η(I 2 ) = I 1 . Therefore ∆ * I 1 = I 1 and ∆ * I 2 = I 2 since ξ • η and η 2 generate ∆.
In the same manner, for the case 3, we define the following subgroup ∆ ofĜ: ∆ = ξ 2m × η 2 m . Note that the index of ∆ inĜ is 2, i.e. |Ĝ/∆| = 2. Moreover, ξ(I 1 ) = I 1 and η 2 (I 1 ) = η(I 2 ) = I 1 . Therefore ∆ * I 1 = I 1 and ∆ * I 2 = I 2 since ξ and η 2 generate ∆. Thus, for cases 2 and 3, we constructed ∆ ⊆Ĝ such that ∆ * I 1 = I 1 and ∆ * I 2 = I 2 . Next we denote by H = ∆ ⊥ the subgroup of G given by
According to [4] , we obtain the G/H-grading on R0 = I 1 ⊕ I 2 such that G/H = ∆. Note that |H| = |∆ ⊥ | = 2 since |Ĝ/∆| = 2. It follows that H = {e, t} where e, t ∈ G. Letē = eH be the an identity element of G/H and
Since G/H * I i = ∆ * I i = I i where i ∈ 1, 2, I i is a G/H-graded ideal. It follows that (I i )ē = I i ∩(R0)ē = {0}. On the other hand, dim (R0)ē = dim [(R0) e ⊕ (R0) t ] ≤ 2 since this G-grading is fine, i.e. dim (R0) e ≤ 1 and dim (R0) t ≤ 1. Therefore we obtain that dim (I 1 )ē = dim (I 2 )ē = 1. By Lemma 2.1, both G/H-gradings on I 1 and I 2 are fine. Hence, according to [4] 
It follows that for anyḡ ∈ G/H, we have that g 2 =ē = eH = H. Hence for any g ∈ G, g 2 ∈ H = {e, t}. According to Lemma 2.2, there exist at most four elements in G such that their squares equal to e and at most four elements in G such that their squares equal to t. Hence G contains at most eight elements because for any g ∈ G, either g 2 = e or g 2 = t. On the other hand, |G| = 4m 2 since G = a 2m × b 2m . It follows that 4m 2 ≤ 8. Thus m = 1, which is a contradiction (see [4] ).
Elementary gradings on M n,m (F )
Theorem 3.1. Let R = M n,m (F ), n = m, be a matrix superalgebra with an elementary G-grading and a superinvolution * that respects this grading. Then one of indices, for example m, is even, and R, as a graded algebra with superinvolution, is isomorphic to M n,m (F ) with the elementary grading defined by an (n + m)-tuple Proof. Let R = ⊕ g∈G R g be an elementary G-grading of R respected by * . The following two cases may occur. Case 1. If neither n nor m is even, then due to n = m R admits no superinvolutions (see [1] ). Hence, there are no G-gradings respected by * . Case 2. Assume that m is even. Since n = m, * is congruent with the orthosymplectic superinvolution via an automorphism of R (see [1] ). Since the given grading is elementary, there exists a system of matrix units ε = {ε ij } ij=1,...,n+m and (n + m)-tuple of the form (g
′ be a system of matrix units of R 0 . Clearly, ε ′ is a subset of ε. Fix any ε kl ∈ R 0 . We know that ε kl ∈ R g
All matrix units from ε ′ are also homogeneous. Next, consider R 0 = I 1 ⊕ I 2 where I 1 ∼ = M n (F ) and I 2 ∼ = M m (F ). Since * is congruent with the orthosymplectic superinvolution, I * 1 = I 1 and I * 2 = I 2 . Since n = m, as was shown in [2] , R with G-grading is isomorphic to A(θ;p) where
. . , p r ). Applying a graded automorphism, R 0 and R 1 can take the forms (3) and (4) , Φ 0 symmetric, Φ 1 skewsymmetric. Now we consider the even part of the identity component of the G-grading we are dealing with:
Hence, R e ∩ R 0 is a semisimple associative algebra. Let us set A i be the i-th component in decomposition of R e ∩ R 0 , and let us write R e ∩ R 0 = A = A 1 ⊕ A 2 ⊕ . . . ⊕ A 2r . Next we consider the graded automorphism ϕ(X) = Φ −1 XΦ. Let us show that ϕ(A) = A. Every element in A has the form X = Y t for some Y ∈ A. Then,
So, ϕ is an automorphism of A. We know that ϕ(A i ) = A σ(i) for a suitable permutation σ. Next we can also define the inner automorphism ω of R given by the permutation matrix S which permutes the blocks A i according to σ. Hence, χ = ω −1 ϕ leaves every block A i invariant, χ(A i ) = A i . The restriction of χ to A i is an inner automorphism of this matrix algebra. There exists a diagonal matrix (λ 1 I p1 , . . . , λ 2r I qr ) where λ i ∈ F , λ i = 0, i = 1, . . . , 2r. Since Φ = Ω −1 T S, it follows that Φ 0 = (Φ 0 ij ) and Φ 1 = (Φ 1 ij ) are block diagonal matrices such that in each column of blocks and in each row of blocks we have exactly one non-zero block. Since Φ is non-degenerate, all Φ 0 ij and Φ 1 ij must be squire matrices. Changing a basis of R g and permuting g
we may assume that:
with the following relations:
. . = g ir−1 g ir and g j1 g j2 = . . . = g jr−1 g jr where (i 1 , . . . , i r ) and (j 1 , . . . , j r ) are two permutations of (1, . . . , r) resulting in (10) and (11), respectively. Notice that Φ 0 in (10) has two types of blocks. Let us call the blocks I pi k the blocks of the first type while 0 I pi k I pi k 0 the blocks of the second type. We want to show that Φ cannot have both blocks of the first and the second types. For clarity, we can assume that
. . = g r−1 g r . Next we let X ij denote a block matrix of order (n + m) whose only possible non-zero block is in the position (i, j). Consider X 1,r+k where g j k = g 1 of degree g −1 1 g j k = e where e is the identity of G. If we apply * , then X *
,r+k Φ will be a matrix that has the only non-zero block in the position (r + k − 1, 1), that is, g
The next purpose is to show that permuting g j1 , . . . , g jr without changing the block-diagonal form of Φ 1 we can actually assume that g j1 = g 1 , . . ., g jr = g r . For this, we fix any i, 1 ≤ i ≤ r. Let for some k, g j k = g i . Consider matrix X i,r+k of degree g g i−1 = e, so g i−1 = g j k−1 . This implies that consecutive elements of r-tuple correspond to each block of Φ 1 on the main diagonal. Hence, permuting blocks of Φ 1 , we can assume that g j1 = g 1 , . . ., g jr = g r .
Further, we choose matrix X r+i,r+j of degree g . . = g r−1 g r hold true then the corresponding G-grading is respected by * . The proof is complete. Theorem 3.2. Let R = M n,n (F ) be a matrix superalgebra with an elementary G-grading and a superinvolution * that respects this grading. If * is congruent with the transpose superinvolution, then R, as a graded algebra with superinvolution, is isomorphic to M n,n (F ) with the elementary grading defined by an 2n-tuple
is a permutation of (1, . . . , r), p 1 +. . .+p r = n, q 1 +. . .+q r = n with the superinvolution X → X * = Φ −1 X τ Φ where
Proof. The following two cases may occur. Case 1. Let R be of the type Q(θ; h). Let E ij denote a 2n × 2n-matrix that has all entries zero except for one in the position (i, j) which is 1. Next, consider the realization of R in which matrix units ε ij are represented by E ij . We are given that R has an elementary G-grading respected by * . That is, R = ⊕ g∈G R g , R * g = R g and there exists a 2n-tuple (g
Recall that the even component R 0 is a direct sum of two isomorphic ideals I 1 and I 2 , R 0 = I 1 ⊕ I 2 . Moreover, I * 1 = I 2 , I * 2 = I 1 because * is congruent with the transpose superinvolution. Since R = ⊕ g∈G R g is a G-grading of a superalgebra, R 0 = ⊕ g∈G (R g ∩ R 0 ) and R 1 = ⊕ g∈G (R g ∩ R 1 ). SetR g = R g ∩ R 0 . Hence, R 0 = ⊕ g∈GRg is a G-grading of R 0 respected by * , i.e.R * g =R g . Notice that R 0 is an involution simple algebra with respect to * restricted to R 0 . If ε kl ∈ R 0 , then ε kl ∈ R and ε kl ∈ R g
Next, as was shown in [6] , there exist two types of G-gradings on an involution simple algebra R 0 .
Type I.
Type II. If I 1 has an involution X → X † , and an involution G-grading
First we assume that the G-grading on R 0 is of Type II. Fix any ε kl = E kl ∈ R 0 . As was shown above, there existsg ∈ G such that ε kl ∈Rg =R
this is not possible because ε kl = E kl . If ε kl is neither an element ofR (1) nor
. Since ε kl = E kl , either X + Y = 0 or X − Y = 0. However, none of these two equalities hold true because X ∈ Ag and Y ∈ Ag h . It follows that Type II grading does not exist on R 0 . If R 0 has Type I grading, then both ideals I 1 and I 2 are G-graded. Since R is of the type Q(θ; h), applying a graded automorphism of R, R 0 and R 1 can be brought to (6) and (7), respectively. Then ). Let X kl stand for a matrix of order 2m whose only possible non-zero block is in the position (k, l). Next we are able to compute X * kl where 1 ≤ k ≤ r, 1 ≤ l ≤ r. It appears that X * kl = X i l i k . It follows that g −1
Hence g i l g l = g i k g k . Therefore we obtained the following relations g 1 g i1 = g 2 g i2 = . . . = g r g ir . Conversely, if the relations g 1 g i1 = g 2 g i2 = . . . = g r g ir hold true, then the corresponding G-grading is respected by * . The proof is complete.
